Holonomic quantum computation uses non-Abelian geometric phases to realize error resilient quantum gates. Nonadiabatic holonomic gates are particularly suitable to avoid unwanted decoherence effects, as they can be performed at high speed. By letting the computational system interact with a structured environment, we show that the scope of error resilience of nonadiabatic holonomic gates can be widened to include systematic parameter errors. Our scheme maintains the geometric properties of the evolution and results in an environmentassisted holonomic quantum map that can mimic the effect of a holonomic gate. We demonstrate that the sensitivity to systematic errors can be reduced in a proof-of-concept spin-bath model.
Holonomic quantum computation uses non-Abelian geometric phases to realize error resilient quantum gates. Nonadiabatic holonomic gates are particularly suitable to avoid unwanted decoherence effects, as they can be performed at high speed. By letting the computational system interact with a structured environment, we show that the scope of error resilience of nonadiabatic holonomic gates can be widened to include systematic parameter errors. Our scheme maintains the geometric properties of the evolution and results in an environmentassisted holonomic quantum map that can mimic the effect of a holonomic gate. We demonstrate that the sensitivity to systematic errors can be reduced in a proof-of-concept spin-bath model.
Quantum holonomies are non-Abelian (non-commuting) unitary operators that only depend on paths in state space of a quantum system. The non-commuting property makes them useful for implementing quantum gates that manipulate quantum information by purely geometric means. Holonomic quantum computation (HQC) [1] is a network of holonomic gates that unifies geometric characteristics of quantum systems and information processing, as well as is conjectured to be robust to errors in experimental control parameters [2] .
Nonadiabatic HQC has recently been proposed [3] and experimentally implemented [4] [5] [6] [7] [8] [9] as a tool to realize quantum gates based upon nonadiabatic non-Abelian geometric phases [10] . The basic setup for nonadiabatic HQC in [3] is a threelevel Λ configuration, where two simultaneous resonant laser pulses drive transitions between the qubit levels and an auxiliary state level. This scheme has been generalized to offresonant pulses [11, 12] . The off-resonant setup uses two simultaneous laser pulses with the same variable detuning, which enhances the flexibility of the holonomic scheme. For experimental realization of off-resonant nonadiabatic holonomic gates, see Refs. [13] [14] [15] [16] .
The nonadiabatic version of HQC avoids the drawback of the long run time associated with adiabatic holonomies [17] , on which the original holonomic schemes are based [1, 18] . Nonadiabatic holonomic gates are therefore particularly suitable to avoid unwanted decoherence effects [19] . The resilience to decoherence errors can be further improved by combining nonadiabatic HQC with decoherence-free subspaces [20] [21] [22] [23] and subsystems [24] , as well as dynamical decoupling [25] [26] [27] . On the other hand, it has been pointed out [28] that the original version of nonadiabatic HQC has no particular advantage compared to standard dynamical schemes in the presence of systematic errors in experimental parameters. To deal with this, we here show that the sensitivity to systematic parameter errors can be reduced by letting the system interact with a structured environment. Our approach is inspired by earlier findings [29] [30] [31] that transport efficiency in complex quantum systems can be enhanced in such environments.
We modify the off-resonant non-adiabatic holonomic scheme by coupling the auxiliary state to a finite thermal bath, the latter playing the role of the structured environment. The Next, we introduce the environmental bath B with Hilbert space H B , assuming dim H B = K finite. The Hamiltonian during the pulse pair is assumed to take the form
with H B and h B both time-independent, and γ the system-bath coupling strength. The spectrum of h B is µ 0 = 0 ≤ µ 1 ≤ . . . ≤ µ K−1 with corresponding eigenstates |µ 0 , |µ 1 , . . . , |µ K−1 . We find the effective Λ system Hamiltonian during the pulse:
where
This sub-Hamiltonian induces a purely geometric evolution along a path C k in G(3; 2). The corresponding holonomic subgate U(C k ) is obtained by replacing δ with δ+γµ k in the above ideal gate Eq. (2) . Note that C k are paths associated with different cyclic times, due to the µ k -dependence of the modified detunings δ + γµ k . We assume the bath starts in a thermal state ρ β that factorizes with the initial pure system state |ψ in M c (0). In other words, the full system-bath state |ψ ψ| ⊗ ρ β evolves as
Z = Tr e −βH B being the partition function and β −1 the temperature. U(t, 0) = e −iHt is the time evolution operator with H given by Eq. (3). The computational input state evolves as
where Tr B is partial trace over the spin-bath. In the case where [H B , h B ] = 0, we may explicitly evaluate the partial trace yielding the computational state
where we assumed the spectrum ν 0 , ν 1 , . . . , ν K−1 of H B . This is a unital map ρ → E t (ρ) with Kraus operators
The map E t is the promised environment-assisted holonomic quantum map. For very low temperatures, only the ground state of the spin-bath is populated and the system undergoes unitary evolution governed by the Hamiltonian H Λ . The resulting gate is essentially determined by the Rabi frequencies Ω j and the detuning δ. These parameters can be affected by errors:
j , ζ j , and κ being real-valued numbers. This can be translated into the parameters
The dark and bright statets are modified accordingly, i.e., they read |d = cos
We shall investigate the performance of the environmentassisted holonomic maps in the presence of Rabi frequency errors, by comparing them to the ideal gate U(C) with run time τ 0 by means of the fidelity
with
The fidelity F (ψ) can be studied as a function of coupling parameter γ, for some suitably chosen input states |ψ , given a number of spins N in the bath and temperature β −1 . As a measure of gate performance, one averages the fidelity over a sufficiently large, uniformly distributed sample of input states.
To address the behavior of the environment-assisted holonomic scheme in an explicit proof-of-concept system, we consider the spin-bath model proposed in Ref. [29] adapted to the Λ system. We choose
with S z the z-projection of the total spin of the bath consisting of N individual spin− 
with Kraus operators
To simplify the analysis, we assume 0 = 1 ≡ and ζ 0 − ζ 1 = 0, which imply ω = (1 + )ω, θ = θ, and ϕ = ϕ. Under these restrictions, |d = |d and |b = |b , which imply that the gate rotation axis n coincides with the ideal n, while M c undergoes cyclic evolution for the pulse duration τ 0 being generally different from the ideal run time τ 0 . In other words, the computational subspace typically fails to return after applying the error affected pulse pair for the ideal duration τ 0 at zero temperature.
We now wish to optimize the gate performance by maximizing the similarity between the error affected environmentassisted holonomic map with Kraus operators A m (τ 0 ) and the ideal holonomic gate U(C) = |d d| − e −iχ |b b| by tuning the system-bath coupling strength γ at nonzero temperature. To formalize this idea, we write |ψ = cos 
where we have used that d|A m (τ 0 )|b = 0. We find
where the parameters
are associated with the diagonalization of H δ +γm (ω , θ, ϕ). The fidelity F (ψ) ≡ F (ϑ) is independent of ξ, which implies that we only need to sample over ϑ. A uniform distribution of states ψ would correspond to a weight factor that is proportional to the circumference of the circle at this latitude on the Bloch sphere, i.e., we may take w(ϑ) = sin ϑ. By choosing n input states at ϑ k = kπ/(n − 1), k = 0, . . . , n − 1, the averaged fidelity thus reads
We measure the gate performance in terms of F av . Figure 1 shows the average fidelity as a function of systembath coupling at T = 50 K (left panel) and room temperature T = 300 K (right panel) with N = 20 spins and the bath parameter α = 15ps −1 . Ideal parameter values are chosen to be ω = 1 ns −1 and δ = 2 ns −1 , corresponding to the rotation angle π − χ ≈ 0.29π. Averages are computed for n = 30 equidistant ϑ values.
For both temperatures, we numerically compute the fidelity for errors = κ = 0.1, 0.15, and 0.2. We see that the optimal nonzero system-bath coupling strength depends significantly on temperature, but is quite insensitive to the error size. This insensitivity holds also for the corresponding optimal fidelity, especially for the lower temperature, where F av ∼ 97.3 − 97.4% at the optimal system-bath coupling strength γ ∼ 2.8 ns −1 . On the other hand, the fidelity is strongly errorsize-dependent in the absence of the bath (γ = 0), in case of which F av varies between 95.5% and 98.6% over the chosen error range. Thus, the environmental bath can be made to reduce the sensitivity to systematic errors by tuning the system-bath coupling strength. For large errors ( , κ ∼ 0.15 or higher) the fidelity takes a higher value for the nonzero optimal γ, which shows that the bath not only can reduce the error sensitivity but also can improve the gate performance. This demonstrates that our scheme can protect against large systematic errors by fixing the system-bath coupling strength at the optimal value for a given bath temperature.
In conclusion, we have addressed the sensitivity to systematic parameter errors in nonadiabatic holonomic schemes. To this end, we have put forward a concept of environmentassisted holonomic maps, in which the auxiliary state of the standard Λ system realization of holonomic gates is coupled to a finite thermal bath system. These maps retain the geometric properties of the ideal holonomic gates. By tuning the system-bath coupling strength to its optimal value, the sensitivity to systematic errors can be reduced and the corresponding optimal fidelity may in some cases be even higher than in the absence of the environmental bath. These features may persist even at room temperature. We have demonstrated the robustness in a proof-of-concept spin-bath model. More sophisticated models, with a larger number of optimization parameters and thereby more possible routes toward higher error resilience, can be envisaged. 
